The complex of a methane molecule and a fluoride anion represents a 12-dimensional (12D) vibrational problem with multiple large-amplitude motions, which has challenged the quantum dynamics community for years. The present work reports the near 70 lowest-energy vibrational states, up to 730 cm −1 above the zero-point vibrational energy, obtained in a full-dimensional variational vibrational computation using the GENIUSH program and the Smolyak quadrature scheme. The vibrational energies and tunneling splittings are estimated to be converged better than 1 cm −1 and 0.05 cm −1 , respectively. The vibrational level structure confirms complementary aspects of the earlier full-and reduced-dimensionality computations of this six-atomic, four-well system: (1) the tunneling splittings, in the computed range, are smaller than 0.05 cm −1 ; (2) a single-well treatment is not sufficient (except perhaps the zero-point vibration) due to a significant anharmonicity over the wells; and as a result (3) a full-dimensional treatment appears to be necessary. With further development of the quantum dynamics methodology and the potential energy surface, it will become possible to study highly-excited tunneling manifolds, with perhaps larger splittings indicated by reduced-dimensionality results, as well as predissociation phenomena. * Electronic address: Gustavo˙Avila@telefonica.net † Electronic address: matyuse@caesar.elte.hu
I. INTRODUCTION
The CH 4 ·F − complex has been used as a precursor in atom-molecule reactive scattering experiments and for this reason its infrared spectrum has been recorded and studied in the methane's stretching region [1] [2] [3] [4] [5] . This experimental work motivated the computational (ro)vibrational quantum dynamics study of this complex over the past decade [6] [7] [8] . This anion-molecule complex also serves as prototype for molecular interactions with relatively large monomer distortions and strong binding.
CH 4 · F − has turned out to be challenging for the current (ro)vibrational methodologies, due to its high vibrational dimensionality and multi-well potential energy landscape. The vibrational states from Refs. [6] , [7] , and [8] , using the MULTIMODE [9] , the MCTDH [10, 11] , and the GENIUSH [12, 13] quantum dynamics program packages, respectively,
show several (tens of) wavenumbers (dis)agreement. In the present work, we aim to resolve this controversy.
There is currently a single, full-dimensional potential energy surface (PES) available for the complex developed by Czakó, Braams, and Bowman in 2008 [6] , which we will refer to as 'CBB08 PES'. The CBB08 PES was obtained by fitting permutationally invariant (up to 6th-order) polynomials to 6547 (plus 3000) electronic energy points of the interaction (plus fragment) region computed at the frozen-core CCSD(T)/aug-cc-pVTZ level of the ab initio theory. The root-mean-square deviation (rmsd) of the fitting, within the energy range below 22 000 cm −1 , was reported to be 42 cm −1 , and in practice, the PES describes well the intermolecular region up to moderate ion-molecule separations.
The equilibrium structure of the complex has C 3v point-group (PG) symmetry with the fluoride binding to one of the apexes of the methane tetrahedron. Since the F − anion can bind to any of the four hydrogens of methane, there are four equivalent minima on the PES, which are separated by 'surmountable' barriers, and thus, the molecular symmetry (MS) group is T d (M). The complex is bound by D e = 2434 cm −1 on the CBB08 PES [6] , which corresponds to D 0 = 2316 cm −1 including the zero-point vibrational energy corrections, and we have found the lowest barrier connecting the equivalent wells to be V = 1104 cm −1 .
It is interesting to compare these values with similar parameters of prototypical systems of hydrogen bonding and tunneling. The prototype of strong hydrogen bond, (HF) 2 features a dissociation energy of D 0 ≈ 1050 cm −1 [14] , which is less than half of the binding energy of CH 4 · F − . The prototype for (double-well) tunneling, malonaldehyde has a barrier height of 1410 cm −1 [15] , but it is necessary to add that for estimating the tunneling splitting, one has to consider, of course, not only the barrier parameters (height and width) but also the 'effective' mass of the fragments.
The strong interaction of the methane and the fluoride in CH 4 · F − is accompanied by a relatively large distortion of the methane fragment. For the interaction (int) region, Table 3 of Ref. [6] reports the equilibrium structure with an elongated C-H bond, r int eq (C-H b ) = 1.112Å, for the H which binds (b) to the F − , while for the other three hydrogens, r int eq (C-H) = 1.095Å. The corresponding distorted tetrahedral structure is characterized by the α(H-
o angle. In the CH 4 +F − channel, the practically isolated (isol) methane molecule is a regular tetrahedron with a C-H equilibrium distance, r isol eq (C-H) = 1.090Å. In the forthcoming sections, we briefly summarize the quantum dynamics methodology used in this work, explain the symmetry analysis and assignment of the vibrational states, report the vibrational energies obtained in the full-and reduced-dimensionality treatments.
After assessment of the convergence of the vibrational energies obtained in this work, a detailed comparison is provided with the vibrational energies reported in earlier studies [6] [7] [8] . In the end, we compute tunneling manifolds of highly excited vibrations from reduceddimensionality (3D) computations in order to estimate and explore the size of the tunneling splittings upon vibrational excitation.
II. THEORETICAL AND COMPUTATIONAL DETAILS
The present work is among the first applications of the GENIUSH-Smolyak algorithm and computer program [16] . The GENIUSH-Smolyak approach combines the non-product grid (Smolyak) method of Ref. [17] , which has been used for several high-dimensional, semi-rigid molecules [18, 19] , and the numerical kinetic energy operator (numerical KEO) approach of Ref. [12] implemented in the GENIUSH program [12, 13] , which includes by now dozens of vibrational-coordinate definition for floppy systems [8, 12, 13, [20] [21] [22] [23] [24] [25] [26] .
Concerning the coordinate definition for the fluoride-methane complex, we used the (R, cos θ, φ) spherical polar coordinates to describe the relative orientation of the methane fragment and the fluoride ion, and the nine normal coordinates, q 1 , q 2 , . . . , q 9 , of methane (the coordinate definition is provided in the Supplementary Material) to describe its internal vibrations. In the full-dimensional computations, we used the KEO given in Eq. (50) of Ref. [16] , which reads for the (ξ 1 , ξ 2 , ξ 3 , . . . , ξ D ) general coordinates with the special ξ 2 = c
where g ∈ R (D+3)×(D+3) is the mass-weighted metric tensor, G = g −1 ,g = detg, the extrapotential term,
and with the volume element dV = dξ 1 dc . . . dξ D . In the full-dimensional treatment of
We treat c = cos θ differently from the other coordinates in Eq. (1) in order to avoid a non-symmetric finite basis representation of the Hamiltonian due to inaccurate integration caused by singular terms in the KEO [16] . The Hamiltonian matrix was constructed using a finite basis representation (FBR) for all coordinates except c, for which the sin-cot discrete variable representation (DVR) [27] was used as it is explained in Sec. IV.E of Ref. [16] . The reduced-dimensionality computations have been carried out with the original GENIUSH program [12] , using the Podolsky form of the KEO (constructed in an automated way for the imposed geometrical constraints) and the Hamiltonian matrix was constructed using DVR [28] . The lowest eigenvalues and eigenfunctions of the Hamiltonian matrix were computed with an iterative Lanczos eigensolver.
Concerning the full-dimensional computations, it is necessary to reiterate some methodological details from Ref. [16] and to specify them for the case of the fluoride-methane complex. First of all, full-dimensional (12D) computations were possible for this complex because we used normal coordinates for the methane fragment together with harmonic oscillator basis functions, which provide a good zeroth-order description. Hence, the 9D product basis set of the methane fragment can be pruned [29] , i.e., we can discard high-energy basis functions. We used the simple
pruning condition for the harmonic oscillator indexes, n q i . Since several basis functions are discarded from the methane basis set complying with this condition, it is possible to substantially reduce also the number of quadrature points which are used to calculate the overlap and low-order polynomial integrals with the retained basis functions. Pruning the grid following this observation was first realized by Avila and Carrington [17, 18] in vibrational computations using the Smolyak algorithm.
Concerning the 3-dimensional ion-molecule 'intermolecular' part, described by the R, cos θ, and φ coordinates, we retained the full direct-product basis and grid. Although R is only weakly coupled to cos θ and φ (and the normal coordinates), we kept a fairly large basis and grid for this degree of freedom, because we conduct the present study as the first step towards ultimately reaching the predissociative regime of the complex. For R, we used a Morse tridiagonal basis set constructed similarly to Ref. [16] , but using the D 0 = 1975.27 cm −1 , α = 0.9 and γ = 18 parameter values which correspond to the 1D cut of the current PES (all other coordinates fixed at their equilibrium value). The cos θ degree of freedom was described with sin-cot-DVR basis functions and quadrature points [27] , while we used Fourier functions for the φ angle.
We used a generous (large) basis set and grid for the intermolecular degrees of freedom, (R, cos θ, φ), both in the 3D and in the 12D computations, which is necessary to make sure Finally, we mention that we were able to put together a 'fitted' 3D model which reproduced the 12D GENIUSH-Smolyak energies with an rmsd of 1.9 cm −1 ('Gfit' in the Table I ).
'Gfit' was obtained by fine-tuning the regular tetrahedral methane structures used in the KEO, independently of the fixed methane structure used in the PES. We used a regular tetrahedral methane structure with an r(C-H) 0 = 2.143624 bohr C-H distance to define the PES cut, but used a different(!), 'adjusted' r fit (C-H) = 2.51862 bohr value in the KEO.
Note that this adjusted model is different from a 'rigorous' 3D treatment in which the reduced-dimensionality vibrational model is constructed by imposing the geometrical constraints in the Lagrangian, i.e., 'deleting' rows and columns of the g matrix in the algorithm Ref. [12] , and which was used in the first 3D computation of CH 4 ·F − in Ref. [8] .
III. SYMMETRY ANALYSIS AND ASSIGNMENT OF THE VIBRATIONAL STATES
First of all, we assigned the computed states to irreducible representations (irreps) of the molecular symmetry (MS) group of the complex. Then, we identified tunneling manifolds which corresponded to the splitting of a molecular vibration classified by the point-group symmetry (PG) of the equilibrium structure due spread of the wave function over the equivalent wells.
At the equilibrium structure of C 3v PG symmetry, one of the hydrogens of the methane binds to the fluoride anion. Any of the four hydrogen atoms of the methane can bind to the fluoride, which gives rise to the four equivalent wells and these wells are connected with 'surmountable' barriers. Thereby, the MS group of the complex is T d (M), for which the symmetry analysis of (the global minimum of) CH 4 ·Ar [30] , can be adopted.
In order to assign irrep labels to the CH 4 ·F − vibrational states computed in the present work, we analyzed the wave function of the 3D fitted model computations ('3D G fit ' column in Table I ) and the labels were transferred to the 12D results based on the energy ordering 
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Note that we use the C 3v superscript for the PG irreps, i.e., A wave function has the largest overlap. Hence, 'n R ' is an index for the excitation along the ion-molecule separation, which we were able to unambiguously assign for all states listed in the table.
We also note that due to the small tunneling splittings, identification of the PG vibrations as a set of states of similar character and close in energy comprising the appropriate MS group species, Eq. (5), was also possible without ambiguouities for all states listed in the table.
(This may be contrasted with the very floppy CH 4 ·Ar complex, for which unambiguous assignment of the PG vibrations beyond the zero-point state of the global minimum was hardly possible [30] .) Once, the complete tunneling manifold was assigned and the PG symmetry was found, we attached a qualitative description to the states (listed in column 'Label' in Table I ) corresponding to the nodal structure (nth 'stretching' excitation) along the ion-molecule separation coordinate R. Excitations different from pure stretching excitation (labelled with v s , 2v s , etc.) were termed 'bending' in this qualitative description, and were labelled with v b , 2v b , etc., or combinations of stretching and bending, v s + v b , etc. in the table. Similar qualitative labels had been provided in the earlier studies [7, 8] , which we used to compare with our full-dimensional vibrational energies converged better than 1 cm −1 .
IV. COMPUTED VIBRATIONAL ENERGIES
The 12D vibrational energies computed in the present work are reported in Table I (column '12D, GENIUSH-Smolyak'). The best vibrational energies resulting from the present work are in column '(25,4)' of the table.
We observe a monotonic decrease of the zero-point vibrational energy (ZPVE) upon the increase of the b basis pruning parameter, which indicates that the computations are almost variational (the sine-cot-DVR basis and grid is large). Our best ZPVE value is 9791.6 cm −1 , which is 5.1 cm −1 larger than the 12D MCTDH result, which the authors of Ref. [7] claim to be a variational upper bound to the exact ZPVE. The 12D MULTIMODE ZPVE [6] is 3.1 cm −1 larger than our best value and 8.2 cm −1 larger than the lowest-energy value obtained with MCTDH [7] . The totally symmetric ZPV state (A (up to 1.2-3.4 cm −1 , depending on the basis set), which suggests that the (intermolecular) basis set or integration grid used in the MCTDH computations was too small [7] .
For higher excited states the (most likely artificial) 'tunneling' splittings increase to 2 cm −1 [7] , whereas our computations, using a large intermolecular basis set and grid, suggest tunneling splittings less than 0.05 cm −1 , while we obtain the triple degeneracies converged (numerically) better than 0.000 1 cm −1 .
The small tunneling splittings obtained in the present work are in agreement with the earlier, 3D computations including the intermolecular, (R, cos θ, φ) coordinates as active vibrational degrees of freedom using the GENIUSH program [8] .
Although our results confirm the small splittings obtained in the 3D computation of A better agreement, with an 11.7 cm −1 rmsd, is observed for the first 6 vibrational excitations in comparison with the 12D MCTDH result [7] , which accounts for the flexibility of the methane fragment and motion over the four wells, but it is probably affected by incomplete convergence.
The two lowest-energy vibrational fundamentals obtained within a 12D but single-well treatment with MULTIMODE [6] has a (surprisingly) large, 20.3 cm −1 rmsd, which suggests that in spite of the small tunneling splittings, a multi-well treatment is necessary for which the normal-coordinate representation is probably inadequate.
These observations suggest that although tunneling (and the corresponding splittings of the vibrational bands) is almost negligible for the present energy resolution (0.05 cm −1 ) and energy range, there is a non-negligible anharmonicity due to the quantum mechanical motion over the multiple wells, and thus a well converged, full-dimensional variational treatment appears to be necessary to accurately describe the quantum dynamics of this strongly bound ion-molecule complex.
It remains an open question whether larger splittings can be observed nearer to the top or above the barrier (D eq = 1104 cm −1 ) which separates the wells. As an outlook and motivation for further work, in the next section, we present carefully converged, 3D
vibrational energies for higher excited states approaching the top of the the barrier which separates the equivalent wells on the PES. Table I: a Symmetry assignment (irrep decomposition) in the T d (M) molecular symmetry group of the complex.
Footnotes to
b Symmetry assignment (irrep) within the C 3v point group of the equilibrium structure.
c Dominant overlap of the wave function with the n R th state of a 1-dimensional vibrational model along the R degree of freedom (all other coordinates are fixed at their equilibrium value). n R = 0, 1, 2, . . . labels the states of this 1D model in an increasing energy order.
d Qualitative description based on the nodal structure, overlaps with lower-dimensional models and symmetry assignment. These labels are used to compare the vibrational energies computed in the present work with earlier results [7, 8] .
e (n c , b): short label for indicating the basis set size. The n c value gives the number of the sin-cot-DVR functions used for cos θ and b is the basis pruning parameter, We used two types of 3D vibrational models to explore the excited-state tunneling manifolds. First, we have carried out computations with the 3D reduced-dimensionality model used already in Ref. [8] (cited in Table I ), which corresponds to a fixed methane regular tetrahedral structure with a C-H distance of r(C-H) 0 = 1.104Å (by imposing rigorous geometrical constraints through the Lagragian, which is carried out in the GENIUSH program in an automated fashion through reduction of the g matrix [12] ). Second, we have also carried out computations using the G fit (3D) model (Table I) , in which the effective C-H distance in the KEO was adjusted to reproduce well the 12D GENIUSH-Smolyak results, while the r(C-H) 0 = 1.104Å distance was used to define the 3D cut of the PES similarly to the rigorous 3D model.
In the largest computation, we used 31 PO-DVR functions [32] [33] [34] for R obtained using 400 L These results confirm the observations made for the lower-energy range for which 12D results are available (Table I ) that the (small) tunneling splittings tend to be smaller in the 12D than in the 3D (rigid monomer) case, but it remains a task for future work to check whether the sizeable tunneling splittings in the higher energy range persist even when the methane's flexibility is accounted for. Table I) models are shown in red circles and in blue squares, respectively. The lowest barrier height we could find connecting the equivalent wells on the CBB08 PES is indicated with the grey shaded area. The full list of the computed energies is provided in the Supplementary Material.
Full-dimensional (12D), near-variational, vibrational states are repoted for the strongly bound complex of the methane molecule and the fluoride anion. This is the first application of the recently developed GENIUSH-Smolyak algorithm and computer program [16] with a fully coupled, high-dimensional potential energy surface (PES). The vibrational band origins are converged better than 1 cm −1 , while the tunneling splittings are obtained better than a 0.05 cm −1 uncertainty.
Relying on this benchmark-quality vibrational energy list, we resolve disagreement of earlier quantum dynamical studies which relied on different assumptions or approximations about the dynamics of this complex [6] [7] [8] . We are able to confirm complementary aspects of earlier work, but the overall, qualitatively correct picture and the numerically converged energies are reported in the present study. In summary, we confirm that tunneling splittings (over the studied range of 730 cm −1 above the zero-point energy) are small [8] , but due to the strong binding and significant monomer distortions, it is necessary to rely on a fulldimensional (12D) treatment [6, 7] . Although the tunneling splittings are small, less than 0.05 cm −1 , for the lowest 70 vibrational states, a single-well description [6] is not sufficient due to a significant anharmonicity of the multi-well potential energy landscape [7] . Even more, it is necessary to use a large basis set (and grid) to accurately describe the relative (though hindered) rotation of the methane fragment and the fluoride anion [8] .
In order to test the size of the tunneling splittings by approaching the barriers connecting the equivalent wells on the PES, we have thoroughly converged the lowest nearly 150 states With further progress of the quantum dynamics methodology reported in the present work and using a potential energy surface covering a wider range of the ion-molecule separation, it will become possible to compute higher energy vibrational states of this complex to study 'heavy'-fragment tunneling phenomena (heavier than a single hydrogen atom) and intra-to inter-molecular energy transfer under predissociation.
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